In this paper we investigate unitary equivalence of invariant subspaces of the Bergman and the Dirichlet space. By definition, this means unitary equivalence of the multiplication operator M z restricted to the invariant subspaces.
Introduction. Let T be a bounded linear operator on a Hubert space %?. A closed subspace Jί of %? is called invariant for T, if TJ£ c Jί. The collection of all invariant subspaces of T is denoted by Lat(T r).
We shall say that two invariant subspaces /,/ e Lat(T,^) are unitarily equivalent if the operators T\Jf and T\JV are unitarily equivalent, i.e. if there is a unitary operator U\Jΐ -• JV such that UT\Jt = Some of the operators we are interested in arise as operators of multiplication by z on the spaces D a , a e R. These operators will in the following be denoted by (M z , D a ). Recall that an analytic function / in the unit disc with Taylor series expansion f(z) = Y^L 0 In § §2 and 3 N will denote the set of positive integers, *S~ will be the closure (in the appropriate topology) of the set 5, and for / e ^, [/] denotes the smallest invariant subspace of M z containing /.
Subnormal multiplication operators.
Suppose μ is a positive, finite, compactly supported Borel measure in the complex plane. By L 2 (μ) we denote the space of equivalence classes of μ-square-integrable Borel measurable functions on C. As is usually done, we shall not bother to distinguish between a function / and the equivalence class it represents. Furthermore, we shall assume that the functions in L 2 (μ) have the support of μ as their domain. N z is the normal operator on 3. The Dirichlet space. Before we state our result about unitarily equivalent invariant subspaces of the Dirichlet shift we shall prove a lemma which shows how the unitary equivalence must be given. Proof In [5] it was shown that for every J? e Lat(Λf z , D) and every λeΌ (the unit disc) one has
The arguments given in the proofs of Lemmas 4 and 6 of [6] thus imply that U = M φ for some complex-valued function φ in the unit disc.
We may assume that Jt φ {0}. So let / e Jί, f Φ 0 and set g = φf. M φ is unitary, thus 
Comparison of the terms in (1) and (2) with equation (3) 
